The curvature parameter tension between Planck 2018, cosmic microwave background lensing, and baryon acoustic oscillation data is measured using the suspiciousness statistic to be 2.5 to 3σ. Conclusions regarding the spatial curvature of the universe which stem from the combination of these data should therefore be viewed with suspicion. Without CMB lensing or BAO, Planck 2018 has a moderate preference for closed universes, with Bayesian betting odds of over 50 : 1 against a flat universe, and over 2000 : 1 against an open universe.
INTRODUCTION
Quantifying the consistency between different cosmological datasets has become increasingly important in recent years. Observations of the early and late time universe give undeniably inconsistent predictions for the present day value of the expansion rate [1] , a phenomenon known as the "Hubble tension". This paper explores a second "curvature tension" present within early-time observations.
Despite the long history of cosmological models which include spatial curvature [2] [3] [4] [5] , in the modern era there is a strong research community bias toward a flat universe. This is partly on theoretical grounds, since the prevailing (and very successful) inflationary theory of the primordial universe predicts a late-time cosmos which is extremely close to flat [6] [7] [8] . Curved models are also likely under-represented in the literature due in large part to the increased theoretical and numerical computational cost associated with curved cosmologies 1 .
However, most of the bias toward flat cosmologies is undoubtedly derived from observational considerations, which ever since COBE [9] and BOOMERANG [10] have confirmed that the universe is consistent with a flat cosmology to within Ω K = ±10%. The primary conclusion of this paper is that such a position can no longer be consistently held, as Planck 2018 cosmic microwave background data [11, 12] alone suggests a model that is closed at Ω K ∼ −4.5% ± 1.5%, with betting odds of 50 : 1 against a flat universe. Other datasets such as Planck 2018 CMB lensing [13] or baryon acoustic oscillations [14] [15] [16] which strongly suggest a flat universe are quantitatively inconsistent at 2.5 to 3σ with CMB data alone, and should not be confidently combined until this tension is released. Results are visualised in Fig. 1 and summarised in Figs. 2 and 3.
1 The results presented in this paper required over twelve years of high-performance computing time (or two weeks on 320 cores)
BACKGROUND Cosmology with curvature (KΛCDM)
Under the extended Copernican principle, the universe is assumed at zeroth order to be homogeneous and isotropic at the largest scales. Einstein's theory of general relativity under these assumptions yields the FriedmannLemaître-Robertson-Walker cosmology [2] [3] [4] [5] . The metric in reduced spherical polar coordinates takes the form
whereby homogeneous and isotropic spatial slices expand or contract over cosmic time t via the scale factor a. The spatial slices come in one of three forms, flat Euclidean space (K = 0), open hyperbolic space (K = −1) or closed hyperspherical space (K = +1). Curvature is typically quantified via its fractional contribution to the cosmic energy budget today Ω K , which is measured as a percentage and has the opposite sign to K. In this work, I follow the notation of [18] and denote the concordance cosmology with K = 0 as ΛCDM, and it's extension with Ω K considered as an unknown parameter as KΛCDM.
Bayesian statistics
Given a set of data D and a predictive model M with parameters θ, Bayes' theorem relates the statistical inputs to inference (the likelihood and prior) to the statistical outputs (the posterior and evidence): [17] . In the first panel, whilst the lensing posterior alone is barely distinguishable from the prior, when combined with Planck, lensing has draws the combined posterior significantly toward flatness, at a tension of 2.5σ. The second panel shows BAO's preference for a flat universe. The BAO posterior is disconnected from the Planck posterior, at a tension of 3σ. Finally, in the third panel the Planck-SH0ES inconsistency in the curved case is shown to be 4.5σ.
a model) [19, 20] . The evidence ratio gives the Bayesian betting odds one would assign between two competing models, assuming equal a priori model probability. Parameter estimation is typically performed by compressing the high-dimensional posterior into a set of representative samples via a Markov-Chain Monte-Carlo process [21] . The evidence is derived from the likelihood by marginalising over the prior
which may be computed numerically via a Laplace approximation [22] , Savage Dickey ratio [23] , nearestneighbour volume estimation [24, 25] or nested sampling [19, [26] [27] [28] [29] [30] [31] . If one has access to the evidence, then it is straightforward to compute the Kullback-Leibler divergence
which quantifies the degree of compression from prior to posterior provided by the data. As a model comparison tool, the evidence naturally quantifies Occam's razor, incorporating a parameter volume-based penalty that penalises models with unnecessary constrained parameters. This penalty factor may be approximated using the difference in KL divergence between models. For further detail on Bayesian statistics, readers are recommended references [22, [32] [33] [34] .
Tension quantification
The Bayesian evidence from Eq. (3) also appears in tension quantification [35, [37] [38] [39] [40] [41] [42] . The Bayes ratio
quantifies the compatibility of two datasets D 1 and D 2 by giving a Bayesian's relative confidence in their combination. As with many Bayesian quantities, R is naturally prior dependent [35] . In the absence of well-motivated priors, or if deliberately over-wide ranges on parameters are used (as is often the case in cosmology), the prior dependency can be removed from R using the KL divergence from Eq. (4). Dividing R by the information ratio I gives the suspiciousness S S = R I ,
Using a Gaussian analogy, one may calibrate S into a tension probability p and convert this into an equivalent "sigma value" via the survival function of the chi-squared distribution
where Erfc −1 is the inverse complementary error function and d is quantified by the Bayesian model dimensionality [36, [43] [44] [45] [46] The differences in model dimensionalities recover the number of shared constrained parameters. See [35, 36] for a more detailed discussion of tension and model dimensionality. Other tension metrics are also available [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] . In this work the "triple tension" is also introduced to quantify the tension between three datasets simultaneously, extending the definition of R, I and d from Eqs. (5), (6) and (8) when necessary to
with obvious generalisation to four or more parameters.
METHODOLOGY
The observational datasets used for this analysis are described in Tab. I. Note that throughout this paper "lensing" is an abbreviation for "Planck CMB lensing".
Bayesian evidences and posteriors are computed using nested sampling [19] provided by CosmoChord [60] , an extension of CosmoMC [21] using PolyChord [27, 28] to sample efficiently in high dimensions and exploit the fastslow cosmological parameter hierarchy [61] . The postprocessing computations for the evidence, KL divergence and Bayesian model dimensionality detailed in Figs. 2 and 3, as well as the posterior plots in Figs. 1 and 4 are computed using the anesthetic [17] software package.
All cosmological and nuisance parameters are varied in the nested sampling runs. The cosmological prior widths (visualised in Fig. 4) are narrower than the CosmoMC defaults. This is necessary since nested sampling begins by exploring the deep tails of the distribution. In these regions unphysical and unforeseen combinations of parameters causes cosmology codes to fail. Whilst flat cosmology codes have been extensively stress-tested by nested sampling, the curved branches have not. Since the priors are wide enough to fully encompass the posteriors, there would be little quantitative effect on the conclusions of this paper from using a wider set of priors.
All inference products required to compute results are available for download from Zenodo [62] . 
RESULTS
Tension results are shown in Fig. 2 . For ΛCDM, Planck, lensing and BAO are all consistent, with tensions ≤ 2σ. For KΛCDM, whilst BAO and lensing are consistent with one another, they are inconsistent with Planck at ≥ 2.5σ, a tension similar to that between Planck 2015 and weak galaxy lensing (DES) [35, 42] . The Hubble tension between SH 0 ES and Planck measured using the suspiciousness statistic is found to be ∼ 4.5σ. Adding curvature generally enhances all tensions considered, except for Planck+lensing vs SH 0 ES, for which the tension is weakened due to the increased error bar on H 0 from the inclusion of curvature.
Model comparison results are shown in Fig. 3 . Without lensing, Planck prefers curved universes at a ratio of 50 : 1 with Ω K = −4.5%±1.5%. Examining the posterior in Fig. 1, only 1/2000 of the posterior mass has Ω K > 0 indicating a strong preference for closed universes over open ones. When the moderately inconsistent lensing data are added, KΛCDM is only very slightly preferred to the concordance model at 2 : 1, but still prefers closed universes with Ω K = −1.2% ± 0.6%. If one discounts the strong discordance of BAO and includes it in model constraints, flat universes become preferred in a Bayesian sense due to the effect of the Occam penalty penalising the additional constrained parameter consistent with Ω K = 0.0% ± 0.2%, degenerate with a flat universe.
The marginal distribution for the Planck, lensing and BAO likelihoods for all cosmological parameters are shown in Fig. 4 .
CONCLUSIONS
In light of the inconsistency between Planck, CMB lensing and BAO data in the context of curved universes, cosmologists can no longer conclude that observations support a flat universe. If one assumes Planck CMB data are correct, then we should conclude with odds of 50 : 1 that the universe is closed.
These results by no means prove that the universe is curved. As with the Hubble tension, it may be that there are unaccounted systematic errors, bugs in some or all of the curved likelihood codes, or the possibility of new physics that could eventually release the parameter tension in Ω K . What one can unambiguously say is that further research is required to uncover why the CMB alone so strongly prefers a closed universe, whilst other datasets provide quantitatively contradictory constraints.
The observational probes and codes used in this work are all nominally curvature-agnostic. However, since cosmological software packages and data compression mechanisms often require approximations, fiducial biases toward flatness can easily creep in. A thorough investigation of these implicit assumptions forms the natural follow-up to this work.
Closed universe models can generally relax the Hubble tension between supernovae observations and the CMB. If the solution to curvature tension resides in new physics, then it is possible that an additional change alongside the introduction of curvature may yet resolve both the Hubble and the curvature inconsistencies. The fact that curved cosmologies relax the strong CMB constraint on the Hubble constant may aid additional modifications in finding a resolution to the Hubble tension. and ns, and a linear combination of ln(10 10 As) and τ , which is reflected in the Bayesian model dimensionality ofd lensing = 1.8 ± 1. BAO has a model dimensionality ofdBAO = 2.6 ± 0.1, consistent with its constraints on ln(10 10 As) and ΩK , and its partial constraint on Ωch 2 .
